A broadly applicable formulation for investigating design propagations in mechanisms is developed and illustrated. Analytical criteria in terms of the variations of joint position vectors and orientation matrices for planar and spatial mechanisms are presented. Mechanisms are represented using graph theory and closed loops are converted to a tree-like structure by cutting joints and introducing new constraints. The Jacobian matrix in Cartesian space is then transformed to Joint coordinates space. Two cases are considered: a pair of bodies remain connected by one joint after cutting additional joints and a pair of bodies are disconnected after cutting joints. Using this method, a designer has the ability to study the propagated effect of changing a design variable on the design. The presented formulation is validated through a numerical example of a McPherson strut suspension system. The system is analyzed and an assembled configuration is computed after a change in design.
Introduction
Effects of design propagations due to change in design variables is a relatively new field of study that has emerged as a result of more sophisticated computer-aided-engineering software. The field of concurrent engineering has seen many advances in recent years such as those exhibited in the following computer programs: DESIGNS (Silverstein et al. 1990 ), DAISIE (Alder et al. 1989) , SATISFICER (Gopalakrishnan et al. 1990 ), NEXT-CUT (Cutkosky and Tenebaum 1990) , CONCEPT MODELER (Serrano and Gossard 1988) , STRUCTURAL DESIGN EVALUATOR (Fisher and Nguyen 1989) , GALILEO3 (Bowen and Bahler 1992) , STAURN (Fohn, et al. 1994) , XCODOMAS (Burke et al. 1994) , FDL (Imamura 1994) , and FRODO (Kolb and Bailey 1993) .
The concept of graph theory applied to kinematic and dynamic analysis was used by Wittenburg (1977) to simplify the representation of mechanisms using a computer. A mechanism is modeled into a spanning tree where a body is defined as a node and a kinematic joint is defined as an edge. If there are no closed loops in the system graph, the system is said to have a tree structure. If a graph is not a tree, an edge is cut in each independent closed loop to form a tree structure, called a spanning tree (Tsai 1989 , Bae and Haug 1987 ). This type of formulation was implemented into parallel computational techniques for real-time simulation . Cut-joints are used to handle closed-loop systems to form a spanning tree that has no closed loops. Joints that are cut in the topology analysis process are replaced by a set of constraint equations.
Constraints between solid bodies are often characterized by conditions of orthogonality or parallelism of pairs of such vectors. The original work for deriving a library of possible constraints was presented by Haug (1989) , and was implemented into a commercial dynamics analysis software called DADS (Cadsi 1995) . The study of the derivatives of the mechanism's performance with respect to a design variable is called design sensitivity analysis (Tak and Kim 1990) . The work by Haug and colleagues is further expanded here to include the joint position vectors that characterize a joint location with respect to a local body reference frame and orientation matrices that define joint orientation. These parameters are included as design variables to study design propagations. Derivatives of these vectors with respect to design parameters are computed in order to calculate the change in design using the generalized inverse method.
First, kinematic constraints due to cutting joints will be developed and differentiated with respect to design variables. Secondly, the Jacobian matrix is transformed from Cartesian coordinate space to Joint coordinate space. Cutting joints will result in two possible cases: (a) a pair of bodies remain connected by one joint or (b) a pair of bodies are disconnected. The two cases will be addressed. Finally, a numerical example will be used to illustrate the formulation.
The analytical formulation developed in this paper and validated through numerical examples is ultimately intended for implementation into computer-aided-engineering environments to increase the automation of mechanical design. It can also be used to study different scenarios of a particular design. The ultimate goal is to extend this work to include the propagation of dynamics in mechanisms and machines.
Cut-Joint Constraint Formulation
Cut-joint methods (Wittenburg 1977 and Haug 1989 ) are used to handle closed-loop systems to form a spanning tree that has no closed loops. Joints that are cut in the topology analysis process are replaced by a set of constraint equations. Partial derivatives of basic constraints with respect to design variables are derived in Cartesian coordinates. Figure 1 depicts a pair of solid bodies denoted by body i and body j. The symbols ′′ O ij and ′′ O ji denote the origins of joint reference frames embedded in bodies i and body j, respectively. The global reference frame is xyz, the body reference frame is ′ ′ ′ x y z , and the joint reference frame is ′′ ′′ ′′ x y z .
Fig. 1 Kinematic notation for vectors
In this section, four types of constraints are considered. The combination of these basic constraints can be used to define the kinematic joints between two links. The formulation in this section is aimed at determining partial derivatives of these basic constraints and extending the work to include the variations of joint position vectors and orientation matrices.
Dot-1 Constraint.
A condition that a pair of body-fixed nonzero vectors a i on body i and a j on body j are orthogonal is that their scalar product be zero, such that
where the superscript d1 denotes the scalar product (dot product). The symbol Φ is used to indicate a constraint. The vector a i can be written as a A C a i i i j i = ′′, where the ′′ _ symbol indicates vectors resolved with respect to the joint reference frames, A is the direction cosine matrix from the body reference frame ′ ′ ′ x y z to the global reference frame xyz, C is the transformation matrix from the joint reference frame ′′ ′′ ′′ x y z to the body reference frame ′ ′ ′ x y z . The variation of a i keeping C ij as a design variable, can be written as δ δ δ a A C a A C a
Define a global vector δπ , called the virtual rotation of the transformation matrix A from the body reference frame ′ ′ ′ x y z to the global reference frame xyz. Also define δ δ π = AA T , as a skew symmetric matrix (Haug 1989) , where the tilde operator (~) on a vector a = a a a 
In order to study the variations of body orientations, define the vector δξ ij as a local vector, called the virtual rotation of the transformation matrix C ij from the joint reference frame ′′ ′′ ′′ x y z to the body reference frame ′ ′ ′ x y z . Also define δξ ij as a skew symmetric matrix such Substituting for δA , δC ij and the following property
Replacing the expression for a i into Eq. (4) and using the relationship ~ã b ba
The variation of the dot-1 constraint function of Eq. (1) can be written as
Substituting for δa i and δa j into Eq. (6) yields
a a a a a ã~~~ (7) 2.2 Dot-2 Constraint. Orthogonality of the body-fixed vector i a and the vector ij d can be written as:
Referring to Fig. 1 
The differential of the dot-2 constraint function of Eq. (8) Fig. 1 , be equal to l ≠ 0 is that
The differential of the distance constraint of Eq. (17) 
2.5 General Formulation of Basic Constraints. All constraint equations can be written in the form
(19) The differential of both sides of Eq. (19), noting that s and C are variables, yields
In order to minimize the size of the system to be solved, a relative joint coordinate system is adopted. In the following section, the Jacobian matrix in Cartesian coordinate space denoted by Φ $ z is transformed into joint coordinate space denoted by Φ q where Φ q = ∂ ∂ Φ i j q and q is the vector of relative joint coordinates. In order to convert a closed loop system to a tree structure, a joint is cut and an additional constraint is introduced as shown in Figure ( 
3 Transformation of Jacobian Matrix from Cartesian Space to Joint Coordinate Space 3.1 Derivation of the Virtual Rotation. The orthogonal transformation matrix j A from the body j reference frame to the global reference frame can be written in terms of the transformation matrix ′′ A ij from the body j reference frame ( ′ ′ ′ x y z j j j ) to the joint reference frame of body i ( ′′ ′′ ′′ x y z ij ij ij ), as j (22) and multiplying by the virtual rotation matrix yields δ δ δ δ~~π π ξ π
and H A q j i j ( , ) is a transformation matrix that depends on the orientation of body i and on the relative coordinates δq j , which is defined for each type of joint. Using the definition of A j , Eq. (23) can be written as
Thus, the virtual rotation of body j can be expressed as
Furthermore, substituting Eq. (24) 
Substituting for δd ij and δs ij into Eq. (29) and using the relationship ~ã b ba = − yields
Collecting terms and simplifying yields
Adding a common term ( j r j δπ ) to both sides of Eq. (32), and using Eq. (27), Eq. (24), and the
Equation (48) and the virtual rotation of Eq. (41) can be combined in matrix form as
Equation ( and δz j into Eq. (21) yields
(36) The Jacobian of the constraint function can be written in terms of the state vector notation as 
A normalization constraint given by
is imposed to restrict the four Euler parameters and to express the three relative degrees of freedom. In addition, the transformation matrix C ij can be represented as
where G j is the Euler parameter semi-rotation matrix defined by
−e 1 e 0 e 3 −e 2 −e 2 −e 3 e 0 e 1 −e 3 e 2 −e 1 e 0
4 Evaluating the Jacobian for a Cut constraint After cutting joints, the pair of bodies may become disconnected or remain connected by one joint. Therefore, two cases must be considered in evaluating the Jacobian matrix for a cut constraint.
4.1 Case 1: A Pair of Bodies Remains Connected by One Joint, after Cutting Additional Joints Between the Pair. Assume bodies i and j are connected by two kinematic joints. Choosing joint 1 to be cut, body i is the inboard body of body j (Fig. 2a) . 
A Pair of Bodies is Disconnected after Cutting Joints.
Assume that the joint connecting bodies i and j is cut and that body p is the junction node of the two chains that contain bodies i and j , respectively (Fig. 2b) . In this case, the state variation of body j cannot be represented in terms of the state variation of body i since no relative coordinates exist between bodies i and j. Therefore, the state variations of bodies i and j must be written in terms of the state variation of their common junction node p such that
Equation (44) can be recursively used to obtain the state variation of body i in terms of the state variation of its junction p and those of the of relative coordinates along the chain as
Simplifying and writing in terms of a summation yields
Substituting for δ$ z i and δ$ z j into Eq. (61) yields
Collecting similar terms and rearranging yields 
where
The numerical algorithm used to compute an assembled configuration due to a design propagation is depicted in Fig. 3 .
Fig. 3 Algorithm for computing kinematic design propagations
In order to validate the foregoing analysis and to demonstrate the numerical solutions, a spatial mechanism is analyzed using the presented formulation. Section 5 will illustrate the formulation using the analysis of a the McPherson strut suspension system.
Numerical Example
The McPherson strut suspension, shown in Fig. 4a , has been simplified as a two-body system comprising a chassis and a wheel assembly with three joints. Since the mass of the lower control arm, strut, rack and tie rod are insignificant compared with the chassis or the wheel assembly, they are usually modeled as composite joints. The model comprises a composite RevoluteSpherical (R-S) joint, a composite Spherical-Translational (S-T) joint, and a composite Translational-Distance (T-D) joint connecting the chassis and the wheel assembly. 
Fig. 4 (a) McPherson strut suspension system (definition of reference frames) (b) Graph representation of the system and (c) Revolute-sppherical joint
The McPherson strut suspension system has two degrees of freedom with respect to the chassis, i.e., jounce and steering. To form a spanning tree structure, the composite R-S and the composite T-D joints are cut. The system belongs to case 1 and the graph representation is shown in Fig. 4b .
The R-S joint, shown in Fig. 4c , connects the chassis by a revolute joint and the wheel assembly by a spherical joint. It has four relative degrees-of-freedom, one for the revolute and three for the spherical joint. Thus, it has two constraint equations.
where partial derivatives of the variation of the basic constraints (Eq. 7, 14, 16, and 18), written in terms of their coefficients, are presented in Table 1 .
Table 1 Partial Derivatives of Basic Constraint Functions Constraint Function
Φ r i Φ r j Φ π i Φ π j Φ ′ s ij Φ ′ s ji Φ ξ′ ij Φ ξ′ ji Dot-1 Φ d i j 1 ( , ) a a 0 0 − a j T˜ a i − a i T˜ a j 0 0 − a j T˜ a i − a i T˜ a j Dot-2 Φ d i ij 2 ( , ) a d − a i T a i T (~~) a s d a i T ij ij T i − − a i T˜ s ji − a i T i A a i T j A − ij T d˜ a i 0 Spherical Φ s ij ji O O ( , ) ′′ ′′ − I I ij s −˜ s ji i −A j A 0 0 Distance Φ dis ij ji O O ( , , ′′ ′′ l −2 ij T d 2 ij T d 2 ij T d ij s − 2 ij T d˜ s ji − 2 ij T d i A 2 ij T d j A 0 0
V. SPATIAL SLIDER-CRANK MECHANISM
Consider the spatial slider crank mechanism shown in Fig. 4 , having a revolute joint, a universal joint, and a translational joint. T , q 1 for the revolute joint, q 2 and q 3 for the universal joint, and q 4 for the translation joint. To form a spanning tree, the spherical joint is cut, as illustrated in Fig. 4b . The system has three scalar constraint equations. (5.1) The tree graph represents a pair of links that are disconnected after cutting a joint (case 1). For a given initial estimate that does not satisfy the constraint function Φ , the set of linear equations written as
are solved simultaneously for a correction δq The initial estimates of the position and orientations of the ground are presented in Table 2 . For a given initial estimate, the Newton-Raphson iteration method is used until the constraint violations are satisfied. A linkage length or a transformation matrix from joint coordinate to body reference frame may be changed. Therefore, joint attachment vectors may be changed (e.g., 01 ' s , the revolute joint attachment vector in ground reference frame.) Once the linkage length has been changed, the constraint function is violated, and three options can be performed:
(1) The generalized coordinates q are changed such that Table 4 . Results of propagating the change in this design are illustrated in Fig. 5 . 
where h 
The uncut S-T joint connects the chassis with a spherical joint and the wheel assembly with a translational joint. It has four relative degrees of freedomS T T q − = 1 2 , three for the spherical joint and one for the translational joint. Three relative rotational coordinates of the spherical joint can be expressed using Euler parameters to avoid orientation-associated singularities. The Euler parameters are denoted by e 0 ,e 1 ,e 2 , e 3 such that p 1 = e e e e iteration method is used to compute an assembled configuration which is entered into column 3 of Table 1. A designer, however, may opt to have constant generalized coordinates but allow the automatic computation of new joint position vectors, hence, changing the dimensions of links. Therefore, the second method can be used. 
Simulation results due to changing s 12S T − using Eq. (61) are entered into column 4 of Table 1 . A schematic illustrating these two methods is shown in Fig. 6 . Method 1 has resulted in changing only the generalized coordinates without changing the joint position vectors. Method 2, illustrated in Fig. 6b , has changed the joint position vectors and therefore, has changed the structural configuration. A mechanism was shown to be modeled using graph theory and closed loops were converted into a tree structure using a cut-joint constraint formulation. It was shown that this formulation can be derived with respect to design parameters to obtain kinematic design propagations. Basic constraints were derived allowing for the variation of joint position vectors and orientation matrices written in terms of Euler parameters. A designer may use this experimental code to study different scenarios or test a new design.
It was shown that the Jacobian matrix in Cartesian space can be transformed to Joint coordinate space. The use of relative generalized coordinates in a recursive formulation has simplified obtaining the differential variations. It was shown that starting from an initial configuration that satisfies the independent constraints, an iterative technique can be used to compute the resulting variations. The method has showed to be applicable for a variety of design parameters.
The ultimate goal of this research is to obtain an analogous formulation for the variational characteristics of dynamics parameters during a design cycle. It will be advantageous to a designer, a kinematician, or a dynamicist to obtain relative velocities, accelerations and forces due to a change in the design.
